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Abstract: The correlation coefficient is caleulated f o r  amplitude and phase 
It i s  shown tha t  i n  the case of rough-scale inhomog- fluctuations at the receiver. 

eneit ies,  the autocorrelation between the amplitude (o r  phase) fluctuations a t  
various receiver points extends over a distance of the same order as the correla- 
t ion between the fluctuations of the index of refract ion in the medium. 

Apparently, non-regular time-and-space variations of the properties of the 

medium are observed, regularly, i n  d.1 rea l  media. Random inhomogeneities Scatter 

waves as they are propagated. The scattered waves, superimposed on the primary 

wave, cause fluctuations i n  the amplitude and phase of the resul tant  f ie ld .  

For example, such phenomena as fluctuation in  loudness i n  acoustics, the 

twinkling of stars i n  optics, occasional fading i n  radio engineering depend on 

the influence of the random inhomogeneities of the medium. From t h i s  br ief  l i s t  

of phenomena, referring t o  various branches of physics, there follows that the 

question of the fluctuations of the basic characteristfcs of wave f i e lds  is one 

of the general questions of wave propagation theory. 

A dependence must ex is t  between the fluctuations of the index of refract ion 

of the medium and the fluctuations of the characterist ics of the wave f i e ld .  The 

problem is t o  es tabl ish t h i s  dependence e Using t h i s  dependence, conclusions can 

be made on the s t a t i s t i c a l  properties Qf the wave f ie ld ;  t o  how the s t a t i s t i c a l  

properties of the medium and conversely. 

in waves, interesting in i t s e l f  as it is, opens new poss ib i l i t i es  of studying 

the properties of the medium through which the wave passes. 

Therefore, the study of fluctuations 

Works by a number of Soviet [1,27 and foreign [4,5] authors are devoted t o  

the computation of the amplitude and phase fluctuation. However, the theoretical  
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and pract ical  question of in te res t  on the correlation of amplitude and phase 

fluctuations has been studied but sl ightly.  Here, two questions natural ly  arise: 

1. Does a correlation ex i s t  between the amplitude and phase fluctuations 

at the receiver? 

2. Does an auto-correlation exist  between the amplitude (or phase) fluctu- 

ations at various receiver points and what is the extent of t h i s  auto-correlation? 

The second Insofar as we bow,  the first question has not yet been answered. 

question w a s  considered by certain authors [l,L] only i n  the ray  approximation 

(geometric optics).  

auto- correlation between the amplitude (or  phase) fluctuations extends appro- 

a t e l y  the same distance as the correlation between the random inhomogeneities of 

the medium i t s e l f ,  if the scale of the latter i s  large compared with the wave  

length. 

Here, however, s t i l l  not apparent i s  the simple rule tha t  the 

Both questions are analyzed below under the assumptions that  the medium is 

isotropic,  tha t  there are no regular var ia t ions of homogeneity, that  the random 

deviations of the index of refraction of the medium from the average value are  

s m a l l  and t h a t  t h e i r  scale is  large compared w i t h  the wave length. 

L e t  us derive the i n i t i a l  formulas f o r  the subsequent investigation by re- 

producing (with s l i g h t  variations) the corresponding pa r t  of the work of A. M. 

Obukhov [2]. 

L e t  the index of refract ion osc i l la te  around the average value equal t o  

unity: 

(1) n = 1 + p j Ipl<< 1 

Here p depends on the coordinates. We w i l l  not take the time-dependence 

of p expl ic i t ly  i n t o  account, but consider t h a t  the character is t ics  of the 

medium vary very slowly w i t h  time (the frequency of the variation is  small in 

comparison t o  the wave frequency). Then the wave function '# , characterizing 
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the wave f ie ld ,  w i l l  satisfy the equation: 

where c is the 

Furthermore, 
0 

v2q - (1 + Id2 * = 8 
2 

C 
0 

average value of the speed of sound in the medium. 

f o r  the sake of definiteness, we w i l l  consider t ha t  the random 

inhomogeneities are only i n  the right half-space (x > 0). 

(x < 0) contains no random inhomogeneities. 

wave i n  the l e f t  half-space can be given as 

"he l e f t  half-space 

The equation of the incident plane 

i (  at-kx) * = Aoe 
0 

The wave equation in the right half-space w i l l  be 

(3)  = A(t)e i[at - s ( 3 ]  

If the usual method of small perturbations be used i n  looking f o r  '# , w h i c h  

in to  account, i s  often applied in sca t t e r  theory taking the zero approximation $o 

then the expressions obtained f o r  the amplitude and phase fluctuations w i l l  be 

l imited by the smallness requirements and, therefore, by small distances, since 

the fluctuations increase with distance. 

the small perturbations method i n  the form given by S. M. W o v  131. 

Consequently, it i s  expedient t o  use 

As we w i l l  see below, the small perturbations method in t h i s  form is not 

l imited by such r ig id  requirements as i s  essent ia l  f o r  the comparison of theory 

and experiment since large amplitude and phase fluctuations are often observed 

i n  experiment. 

functian $ by another function CP which is  related t o  the f i rs t  through: 

The substance of the method is  the replacement of the wave 

(4) 

From a comparison of (4) and (3) there ~ollows t ha t  'P(;) is determined 

by the following relation: 
A g ( f )  = s(?) + i I n  - 
AO 

( 5)  
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As i s  seen, the real and imaginarv par ts  of the function 'P(3) introduced 

determine the phase and the logarithm ,, r a t i o  of the amplitudes ( leve l  of sound 

intensity),  respectively. 

these quantit ies.  

of the 

We are directly concerned wi th  the fluctuations of 

Replacing, on the basis of (b), '# through CP in ( 2 J y  we obtain an equa- 

t ion  in CP : 

( 7 )  

0 2 2  0 ( W ) 2  + i V %  = k n ; k -7 

The zero approximatbn (Po sa t i s f i e s  the equation f o r  the homogeneous medium: 

Subtracting (7 )  from (6) we obta in  an equation f o r  = - Cp : 0 

Using the small perturbations method and assuming tha t  W r  (more accurately, 

1 the nondimensional quantity W t  ) has order p , we discard the terms endosed 

in the square brackets as second order quant i t ies  in p , Then we obtain a l i n e a r  

equatlon i n  Cpt : 

This equation w a s  obtained under the assumption that 
' V V I & %  or E I W ~ I < < ~  1 

( 9 )  'i; 
This last  condition means that the phase var ia t ion and the re la t ive  amplitude 

Relation ( 9 )  imposes no l imitat ions var ia t ion w i t h h  a wave length must be small. 

on the t o t a l  var ia t ion of these 

acp 
ax 2k - 

The exact solution of th i s  

quantit ies.  Assuming (Po = lac i n  ( 8 ) ,  we obtain: 

2 + io2w 0 2pk 

equation is: 



5. 

where V is the region occupied by the random inhomogeneities. 

Separathg in to  real and imag,inary parts,  we obtain the follaw3.q formulas 

for  the phase and amplitude fluctuationst 

(12) k2 S' - 2n sin k[r-(x-U] CL(?,~, t:) d e  d l  dt: 
V 

In the rough-scale inhomogeneity case when ka)) 1 (where a is the scale 
1 of the inhomogeneity), the scattering angles are small and do not exceed 

i n  order of magnitude. For t h i s  reason, a substantial  e f fec t  wlll be given by 

those inhomogeneities concentrated within the cone with vertex a t  the receiver 

and vertex angle of order 1 . Within this cone, the formula r = 4- 
where p = (y  - 7) + ( 2  - Z) , can be replaced by the approximation 

ka 

l n - = - - J  A k2 'Os 4 2 x- CL dv 
A. 2n x - 8  

L e t  us introduce the new notation, assuming: 
n 
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Then (1s) and (16) are  rewritten thus: 

Therefore, having obtained the basic i n i t i a l  formulas, l e t  us turn t o  the 

statistical consideration of the question. 

properties of the medium by the correlation function R(r) : 

Let us characterize the 

where % and p2 are s m a l l  

average value at two receiver 

the statistical average. 

deviatiohs of the index of refraction 

points a distance r apart. The bar 

s t a t i s t i c a l  

from the 

denotes 

Formulas (17) and (18) can be used t o  explain the question of the correlation 

between the amplitude and phase fluctuations at  the reception point TO 

t h i s  end, l e t  us multiply (17) by (18) and l e t  us take the average and we obtain, 

(L,O,O) . 

a f t e r  introducing the nondimensional variables = k? ; 7' = k q  j <' = k< j 

p ' = k p ;  L f - k L ;  r I = k r :  

' d df' d dZh 'ai d v i  5 2 '7-2 

integrate  over y and z . Then, we obtain: 
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2 where P r2 + g2 . Formula (20) yields the general solution of the formulated 

problem. I n  order t o  use it, it is  necessary t o  give the correlation function 

R ( r  I) . For example, Ff we assume t h a t  it is: 

after integration in (20)  we obtain: 

and f o r  the correlation coefficient Ras , we 

and (21): 
,. 

obtain on the basis of (22) , (20) 

1 In (1 + D') 
- (arctan D)2' Ras * T -JD 

4L where D = 7 . A t  small distances (D(C1) when geometric optics is suitable, 

(23)  yields: kg 

A t  large distances (D>> l), (23) becomes: 

i.e., the correlation coefficient decreases with distance, 

Therefore, the correlation between the amplitude and phase 

approaching zero. 

fluctuations is sub- 

stantial at  short  distances and vanishes a t  long. 

Now, l e t  us analyze the question of the auto-correlation of the amplitude 

and phase fluctuations at  various reception points, 

L e t  us assume tha t  both receivers lie in the x = L plane separated by a 

distance 2 . 
The receiver coordinates are (L,O,O) and (L,O, z), respectively. The amplitude 

* The author erroneously gave half t h i s  r e su l t  in his paper (DAN,98,No06,195.4). 
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and phase fluctuations are determined by (17) and (18) both for  the first and s e w  

and receivers. The difference is only that pl * = y1 + < f o r  the first and t ha t  

2 p2 =?: + (2 - g2)2 for  the second, The auto-correlation functions f o r  the phases 

and amplitudes are determined, consequently, by the following: 

% $ 1  
AO AO 

~n - In - - $I1 - 12> 

where 

phase auto-correlation a t  various reception points in general form. 

the correlation function R ( r c )  

Assuming tha t  

is  given by (21), and integrating in (26) and 

(27)  by assuming tha t  ka >) 1 , L >> a , we obtain: 

fi R a3k3 [Ei( c2) - Ei(cl)) I 2 = m  0 

Z2 i - x  
where c2 = - & , c1 = e5 , E i  is the exponential integral .  I n  the 

par t icular  case, I =  0 j hence there resu l t  the mean square amplitude and phase 

fluctuation formulas obtained by A. M. Obukhov [2]. 

1 sJ a R akZ (1 + arctan D 2 0  (30)  

(31) 
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From (24) , (25) , (28) , ( 2 9 ) ,  (30) and (31) we find the foll&g expression 

f o r  the auto- correlation coefficient : 

- J J  

where the upper sign should be taken i n  

calculating the phase auto-correlation 

function, Rs , and the lower f o r  the -1- 

itude auto-correlation function, Ra . 
seen from (32), the auto-correlation fun+ 

t i on  depends on ly  on the three nondhens- 

ioneil parameters: 5 , D , ka . For small 

and average distances ( D  6 1) we obtain 

an asymptotic value of R f o r  large 

z enough - , i f  we use the asymptotic a 
expression f o r  the E i  function 1718 

As 

z 

a,s 

3 - auto- 
phase f l u c  tuation 

R *  
a,s l ~ $ a r c t a n D  

(33) 

The auto-correlation coefficient i s  small in comparison with unity because 

of the exponential fac tor  i n  the numerator. 

between the amplitude and phase fluctuations extends over a distance 

This means t h a t  the correlation 

2 of the 

order of the radius of correlation a i n  the medium. 
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For long distances (D>>l), (32) becomes: 

(34) 

The dependence of the auto-correlation coefficient on the distance 1 be- 

tween the receivers is shown graphically ( f ig .  l) fo r  the case of D = 10, 

ka = lo2 - lo4 . The middle curve is the correlation coefficient f o r  the index 

Of refraction as given by (21). From the graph, it can be seen t h a t  the auto- 

correlation between the amplitude and phase fluotuations extends a distance of 

the order of the radius of correlation of the inhomogeneities i n  the medium. 

We arrived at the same conclusion when we considered short  and average distances. 

I wish t o  express deep gratitude t o  L. M. Brekhovskw f o r  valuable suggestions. 

Acousths Inst i tute ,  AN USSR 
Moscow October, 1954 
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